Based on the previous works (arXiv:1202.5375 and 1402.1346), we investigate the localization of the fields on the dynamical domain wall, where the four dimensional FRW universe is realized on the domain wall in the five dimensional space-time. Especially we show that the chiral spinor can localize on the domain wall, which has not been succeeded in the past works as the seminal work in arXiv:0810.3746.
I. INTRODUCTION
The scenarios that our universe could be a brane or domain wall embedded in a higher dimensional space-time are not new [1, 2] but after we have found the strong conjecture that there could be a classical solution called D-brane in string theories [3, 4] , the scenarios of the brane [5] [6] [7] [8] [9] or the domain wall [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . with reality have been well investigated. Especially inflationary brane world models by using the trace anomaly have been proposed [10] [11] [12] . We may regard brane with a limit where the thickness of the domain wall vanishes.
Recently some of the authors proposed a domain wall model with two scalar fields Refs. [24, 25] , we have shown to be able to construct a model which generates space-time, where the scale factor of the domain wall universe, which could be the general FRW universe, and the warp factor are arbitrarily given. The formulation is an extension of the formalism of the reconstruction of the domain wall [26] . We should note that in [16] , it has been proposed a formulation where only the warp factor of the domain wall is arbitrary.
In this paper, we consider the localization of several fields in the model [24, 25] . The localization of the graviton has been already shown in [25] and we have found that there appear extra terms which is related with the extra dimension. This terms may affect the fluctuations of the universe. We now investigate the localization of the spinor field and the vector field in this paper. If the domain is static, there appear chiral fermions localized on the domain wall [20] . There were attempts to localize the chiral fermion on the dynamical domain wall corresponding to the FRW universe [23] but it was not succeeded. In [23] , it was assumed that the warp factor does not depend on the time but in this paper, we use the time-dependent warp factor and show the localization of the chiral fermion. In this paper, A, B denote indices on a curved space-time manifold, whileÂ,B denote indices on its tangent space-time.
In the next section, we review on the formulation in [24, 25] including the localization of the graviton. In section III, we investigate the localization of the chiral fermion on the domain wall. In section IV, the localization and non-normalizability of vector field are shown. The final section, section V, is devoted to the discussions.
II. DOMAIN WALL MODEL WITH TWO SCALAR FIELDS
We now briefly review on the formulation of the domain wall model with two scalar fields based on [24, 25] and we show the localization of the graviton. The formulation is given by extending the formulation in [27] and similar procedure was invented for the reconstruction of the FRW universe by single scalar model [28] .
In the domain wall solution, which can be regarded as a general FRW universe in the five dimensional space-time, the metric is given by
Here ds 2 FRW is the metric of the general FRW universe,
e −2u(w,t)
By using the Einstein equation, we may solve Eqs. (7) with respect to A, B, C, and V as follows,
Here the Einstein tensor is denoted by G MN . Then by replacing t and w in the r.h.s. of Eqs. (8) by φ and χ, respectively, we find the explicit forms of A(φ, χ), B(φ, χ), C(φ, χ), and V (φ, χ). Then by using the expressions in the action (3), we obtain a model which realize the metric (1). We should note that Eqs. (5) and (6) are satisfied automatically because they can be obtained by using the Einstein equation and the 0th and 5th components of the Bianchi identity ∇ N R MN − 1 2 Rg MN = 0, which corresponds to the conservation of the energy-momentum tensors in (7) .
The localization of the graviton can be investigated by considering the perturbation
We now impose the gauge condition
In our domain wall model, by writing h ij (i, j = 1, 2, 3) in a factorized form, h ij (w, x) = e u(w,t)ĥ ij (x), we find that the graviton follows the equation,
Here △ is the Laplacian in the flat three dimensional space. Then if u goes to minus infinity rapidly enough for large |w|, h ij (w, x) can be normalized in the direction of w and therefore the graviton localizes on the domain wall. We should note that the graviton h (4) ij in the four dimensional FRW space-time (2), satisfies the following equation
in the standard four dimensional Einstein gravity. Therefore whenu 2ȧ a − ∂ 0 ĥ ij = 0, the expression (11) coincides with the equation for the graviton in (12) . Especially when the warp factor does not depend on time-that is,u = 0, the two expressions coincide with each other. Conversely ifu = 0, corrections proportional tou are possible when we consider the perturbations. We have only considered the perturbation of the graviton, which is a tensor field and therefore the graviton does not mix with the scalar modes. This is because we are interested in the localization of the graviton. Of course, it is necessary to consider the perturbations including the scalar modes when we consider more realistic cosmology but the perturbations become complicated and we like to leave the perturbations including the scalar modes in the future works.
III. LOCALIZATION OF FERMION
In this section, we show that chiral fermion can localize on the domain wall. The Dirac equation in five dimensions is given by
In the last term,f χ is a function of the scalar field χ = w in (3) and this term expresses the general yukawa interaction between the fermion and the scalar field χ. In (13), ∇ M is a covariant derivative:
, where ψ corresponds to the 4-dimensional Dirac spinor, we find
The explicit form of the spin connections are given in (B7) in Appendix B. LetC 1 (w) and D 1 (t) be arbitrary functions. Then by decomposing η (t, w) as
and by assuming Γ5ψ = ±ψ, we find
By
Thus we obtain
Because χ (w) = w, we find the explicit form of η (t, w),
Therefore the condition of localization is given by
We now consider some examples given in [24, 25] .
• Example 1.
. This example corresponds to the FRW universe filled with the perfect fluid whose Equation of state parameter w is constant. Then we find
which tells the chirality of the fermions localized on the domain wall,
• Example 2 u (t, w) = −3H 0 t + log {−α (w) + exp [H 0 t]} + β (w). This example describes the de Sitter universe embedded in five dimensions. We now decompose u as u (t, w) = T (t) W (w) if and only if α (w) = α 0 = const. In that case, we obtain
Now for simplicity, let α 0 = 0. In this case, we have shown in previous work [24] that the ghost-less condition is β ′′ (w) < 0. For instance, the case β (w) = −β 2 0 w 2 satisfies this condition. In this case, the condition of localization is given by
Thus we have shown that the fermion can be localized on the domain wall and the localized fermion can be chiral or anti-chiral. As we have mentioned, the attempt in [23] to localize the fermion on the domain wall has been failed. This is because in [23] , it was assumed that the warp factor does not depend on the time but we have used the time-dependent warp factor and we have succeeded to show the localization of the chiral fermion.
IV. LOCALIZATION OF VECTOR FIELD
We now consider the localization of the vector field whose action is given by
In the background (1) with (2), we choose k = 0 and e u(t,w) = T (t) W (w) as in (18) . Then the background metric has the following form:
Then the action (27) reduces to
By the variation of A 5 , A 0 , and A i , we obtain the following equations,
Then by assuming
and by choosing
Eqs. (30), (31), and (32) have the following forms, respectively.
Eqs. (36) and (37) are nothing but the field equations of the vector field in four dimensions. Eq. (35) can be regarded as a gauge condition, which is a generalization of the Landau gauge, ∂ µ A µ = 0. Then if we choose X(w) decreases rapidly enough for large |w|, A µ can be normalizable. Then by choosing m(χ) as in (34), the vector field can localize on the domain wall. In case m(χ) = 0, we cannot consider the non-abelian gauge theory but if
we obtain m(χ) = 0 and we might be able to consider the non-abelian gauge theory. In case that W (w) = e −w 2 /w 2 0 , however, the vector field is not normalizable.
V. DISCUSSIONS
In this paper, based on the previous works [24, 25] , we have investigated the localization of the fields on the dynamical domain wall, where the four dimensional FRW universe is realized on the domain wall in the five dimensional spacetime. Especially we have shown that the chiral spinor can localize on the domain wall, which has not been shown in the past works. An attempt in [23] to localize the fermion on the dynamical domain wall has been failed because the warp factor does not depend on the time. As we have seen, we have shown that by introducing the time-dependent warp factor, we can obtain the chiral fermion localized on the domain wall.
The localized fields corresponding to the zero modes in the corresponding fields. There, of course, exist non-localized or non-confining modes as solutions of the field equations. When we consider the interactions between the fields, there might be mixing with these non-localized modes. Especially we have assumed that the background is fixed but in general, there could be some mixing with the modes from gravity and the scalar fields φ and χ. Therefore although we have found solutions localized on the domain wall, all the solutions are not always localized.
In (13) and in (27), we have considered the Yukawa coupling and interaction only with χ and we have not included another scalar field φ. This is because one of the purposes in this paper is to show the existence of the models where the localization can occur and we have considered simple models as possible. We may include another scalar field φ in the interactions but we can show that there could be models which generate the localization even if we include φ. 
Appendix A: Explicit expressions of connections and curvatures in five dimensions
In this Appendix, we give explicit expressions for the connections and curvatures in five dimensional space-time, whose metric is given by
The connections are given by
The Ricci curvatures have the following forms:
The scalar curvatures is
The explicit forms of the spin connections in five dimensions are given in this Appendix. By using the metric in (1), we define the vierbein field eB,
The components of the vierbein field eB is given by 
We also find 
Then we define the Ricci rotation coefficients and spin connections as follows,
The non-vanishing components are given by
